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Abstract
We present exploratory analyses of three cases in which groups of four (quartets) worked with video recordings of choreo-
graphed performances from the opening ceremony of the 2016 Rio Olympic Games. We asked quartets to view the recordings, 
explain what performers were doing by reenacting what they noticed in the video, and create their own performances using 
props akin to those in the recording. In response, participants explored symmetries and transformations of quadrilaterals 
and triangles. We contribute to research on distributed, embodied mathematical learning at four levels. First, we argue for 
design research that engages in creative re-use by foraging in public media for performances with mathematical potential, 
then designing activities that invite learners to dissect and reenact these performances to explore that potential. Second, we 
analyze quartets’ work as a form of ensemble learning that hybridizes dance and mathematics. Third, we describe interac-
tions that produced intercorporeality in the material work of quartets. Finally, we argue for reenactment as a supplement to 
methods of Interaction Analysis, using our own analysis as an illustration of this novel approach.

Keywords Foraging and dissection · Dance and choreography · Ensemble learning · Embodied mathematics · Interaction 
analysis methods

1 Introduction

There has been growing attention to the body’s role in learn-
ing and teaching mathematics, including how mathematical 
concepts are grounded in embodied metaphor (e.g., Núñez 
et al. 2006); how mathematical activity engages the acting 
body (e.g., Gerofsky 2010, 2016; Hall and Nemirovsky 
2012); how to design learning environments that invite pro-
ductive embodiment (e.g., Abrahamson and Lindgren 2014; 
Sinclair et al. 2013); and how we can manage the challenge 
of capturing and analyzing data that include multi-modal, 
multi-body, mobile human interaction in mathematical activ-
ity (e.g., Hall and Stevens 2015; Ma 2017; Marin and Bang 
2018; Shapiro et al. 2017).

1.1  Foraging and dissecting public media to design 
for creative re‑use

This study developed in a design practice that uses forag-
ing and dissection to create environments for collective 
exploration and learning. Grounded in various disciplines, 
we “forage” in public media to find cultural performances 
that we feel resonate with disciplinary content [e.g., the late 
Hans Rosling’s popular TED talks offering “The best stats 
you’ve ever seen” (Rosling 2006) as used in Kahn and Hall 
(2016)]. Treating these performances as found objects with 
open-ended possibilities for re-use, we next design activi-
ties that invite teachers and students to “dissect” records of 
performances (i.e., video, audio, and text) to ask how they 
were made, explore how disciplinary concepts might act as 
useful lenses, and create their own performances with simi-
lar materials [e.g., using Gapminder tools and open-source 
data to build model-based stories about world health and 
wealth (Kahn and Hall 2016)]. We propose that foraging and 
dissecting performances or objects found in public media 
can support a productive design practice in Learning Sci-
ences research.
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This article illustrates our approach using cultural per-
formances with an enormous international audience. The 
opening and closing ceremonies of the 2016 Rio Olympic 
Games included performances that Brazilian choreogra-
pher Deborah Colker (http://www.ciade borah colke r.com.
br/the-compa ny) co-designed with Brazilian dance com-
panies and indigenous communities. Colker and her col-
laborators intended to offer an image of Brazil’s cultural 
diversity and national identity:

The most important thing is the possibility to mix 
styles and ideas and aesthetics, dance and music and 
energy. We are a new country, with contemporary 
ideas, not just what foreign people think about Bra-
zil: pretty women and football. Brazil is this and so 
many other things. It is an amazing place for con-
temporary dance and music and film and fashion 
and art (Harss 2016).

Our initial viewing of the Rio performances brought 
to mind collective learning and dynamic geometric for-
mations at a “walking scale” (e.g., Hall et al. 2014), but 
none of the press coverage we found took this perspective. 
Our foraging and dissection created an open-ended design 
space for creative re-use, with materials that expressed 
the complex history and diversity of Brazilian culture. 
Our purpose was not to alter the narrative intended by the 
original creators, but instead to honor and open up com-
plexities in their work by asking participants to explore 
how dancers might have created the performance, mak-
ing explicit use of props, multi-person, ensemble reenact-
ments, and mathematical descriptions.

In this sense, we re-used (Eglash 2004) an existing 
cultural performance for a narrower investigative purpose. 
We view this re-mixing of cultural activities (Brazilian 
dance and mathematics education research) as a source of 
design innovation to create new cultural activities, much 
as our earlier work with GPS drawing or walking-scale, 
ensemble geometry supported new forms of mathematical 
activity. Our approach mixes different cultural practices 
and meanings (Bar et al. 2016) to create something with 
novel mathematical potential. The activities we explore 
here are creatively displaced from the global, Olympic 
stage into classrooms and laboratory spaces in a univer-
sity, but the resulting activity is different from each. We 
designed a dissection environment that put participants’ 
bodies into relations with material and space approximat-
ing that of the Rio dancers, but we also asked them to 
consider the activity from a mathematical perspective. We 
deliberately created something between existing cultural 
practices to elicit new cultural activities, however unpre-
dictable, as embodied responses.

1.2  Ensemble mathematical learning 
while reenacting choreographed performance

Recognizing mathematical structures in this large-scale, 
ensemble performance, we decided to use video from it 
to foster and study ensemble learning in mathematical 
activity. By ensemble learning we mean learning that is 
fundamentally collective and performative, where learners 
recognize the need to act together [e.g., competitive high 
school marching bands (Ma and Hall 2018)].

A well-established literature on peer interaction and 
small-group mathematics learning (Webb 1991; Cohen 
1994) investigates joint problem-solving activity (Teas-
ley and Roschelle 1993; Cohen and Lotan 1997); how and 
why such interactions can fail (Barron 2003); and how to 
design tasks “worthy” of groups (Lotan 2003). In contrast, 
by focusing on ensemble learning (Ma and Hall 2018), 
we foreground situations where doing things together is 
necessary for both performance and learning. For instance, 
in this study, using dissection and reenactment to discover 
how to “flip” a shiny plastic sheet (made of Mylar) to make 
a “wave” required active participation of all members of 
the quartet, in interaction with the physical possibilities 
of the sheet as a prop. These kinds of learning phenomena 
may be much more common and powerful than our field 
has yet to fully grasp. They also connect to related work on 
collective mathematics, where social and interaction struc-
tures of groups are used in generative ways to produce and 
explore mathematical structures (see Brady et al. 2013, for 
several distinctive forms).

We followed earlier design research to foster highly 
engaging forms of ensemble activity and learning (e.g., 
Hall et  al. 2014; Ma 2017; Headrick Taylor 2017). In 
designing an interview protocol for this study, we asked 
how viewing the Rio performances could engage partici-
pants in discussions about how they were carried out. If 
quartets reenacted what they found in the Rio recording or 
created their own performances, could this lead to ensem-
ble learning in mathematical activity?

We chose selections from the Olympic television broad-
cast that struck us as having significant mathematical pos-
sibilities. The YouTube Olympic Channel’s broadcast is 
at https ://www.youtu be.com/watch ?v=N_qXm9H Y9Ro; 
our interviews used a 3-min passage: 11:36 to 14:40. In 
this tribute to Brazilian gambiarra (creating beauty from 
almost nothing), mathematical structures animate the sim-
plest of props to create striking visual effects (Fig. 1). The 
performance operates at three levels—quartet, assembly, 
and whole—all depending on ensemble action beyond 
the human individual. These levels are represented in 
Fig. 1a–d, increasing in scale from quartet to whole. The 
quartet, defined by the prop and quartet (right column of 

http://www.ciadeborahcolker.com.br/the-company
http://www.ciadeborahcolker.com.br/the-company
https://www.youtube.com/watch?v=N_qXm9HY9Ro
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Fig. 1), creates geometric shapes (e.g., folded triangles, 
Fig. 1a, b; and stretched squares, Fig. 1d) that are seeds of 
higher-level actions. These seeds sprout mid-level assem-
blies that form and dissipate (e.g., foursomes of quartets 
produce geometric figures in their own right, Fig. 1b; and 
waves propagate in and across sections, Fig. 1c). Finally, 
there is the highest-level whole, where forms suggesting 
crystalline structure, liquid waves, and vortex motion 
emerge and disintegrate as the performance unfolds in 
time.

Mathematical structures can be identified at all three lev-
els of the performance, and each level draws its significance 
and impact from the others. Thus, the performance has a 
coherent integral unity, although we conjectured that the 
quartet level would be a manageable entry point for partici-
pants to engage with the performance by enacting some of 
its key aspects. The quartets can be described as employing 
the dihedral group  D4 of symmetries of the square for aes-
thetic effects, extending this basic set of movements in artis-
tically and mathematically suggestive ways. Rotations and 
reflections, but also translations, form a substantial part of 
the vocabulary of movements with the prop. Further added 
to this set of actions are contractions to a point and folds 

over the prop’s lines of symmetry. Moreover, the physicality 
of the prop and its reflective surface embodies the notion of 
“sidedness” and orientation (to both points and planes) that 
is backgrounded by the mapping to the dihedral group as 
typically taught in mathematics.

Early pilot interviews showed how important it was for 
quartets to have physical props that were replicas of those 
used in the actual performance (Vogelstein et al. 2017). We 
conducted our interviews in a space that facilitated alter-
nation between “viewing” and “doing” (i.e., the quartets 
could easily watch, reenact, and re-watch performances in 
the videos). We expected quartets would make discover-
ies about what they could do as an ensemble, coordinating 
their movements and exploring the expressive possibilities 
of the system we came to call “people-plus-prop.” Below, we 
describe our methods, then turn to close analysis of quartets 
as they make sense of the Rio performance by viewing, reen-
acting, and creating performative phrases of their own. This 
analysis is both an example of design research using creative 
re-use of foraged material (the Rio recordings) and a com-
parative exploration of how ensemble learning can unfold 
and generate a growing repertoire of talk and co-operative 
action. What is learned, we argue, emerges in processes that 

Fig. 1  Ensemble performance at 
increasing scales, in our selec-
tion from the opening ceremony
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are larger than individuals (i.e., the ensemble), are shaped 
by material engagements with things and the surrounding 
space (e.g., props similar to those used in Rio), and produce 
experiences of “we” or “with” (i.e., intercorporeality) in new 
cultural activity that mixes existing disciplinary practices 
(here, dance and mathematics).

2  Methods

2.1  Designing a space for video‑elicited 
co‑operative action

2.1.1  Video-elicited interviews

Our first source of data is a series of 90-min video-elicited 
interviews, using footage from the Rio opening ceremony as 
described above. Quartets for the interviews were composed 
of participants who knew each other and shared disciplinary 
backgrounds. For this article, we focus on two quartets, one 
consisting of 8th grade girls and the other of scientists who 
have transitioned into middle school Science, Technology, 
Engineering, and Mathematics (STEM) teaching.

The interviews invited quartets to view the Rio record-
ings and engage in ensemble mathematical activity (Ma and 
Hall 2018) using a 7′ × 7′ square sheet similar in both size 
and material to the prop used by the Rio performers. The 
interview had four parts:

1. Quartets watched and discussed the video.
2. They engaged a series of challenges:

a. Fold the sheet into a triangle.
b. Fold it into a triangle like the Rio performers.
c. Flip (reflect) it like the Rio performers.

3. They were asked about mathematics and prompted to 
describe both the performance and their experiences 
with the prop mathematically.

4. They were invited to create their own performances with 
the sheet, exploring what they could do with the prop, 
noting any limitations of working with it, and reflecting 
on their overall experience.

We positioned four cameras to capture quartets’ interac-
tions from above, from two adjacent sides of the room, and 
from the table where participants sat for discussions during 
the interview (see Fig. 2). Top and side views of reenact-
ments were particularly helpful when analyzing quartets’ 
work, as these corresponded to camera angles used in the 
Olympic broadcast. We also ran screen capture software on 
the computer that displayed the video, so when participants 

used it to study parts of the Rio performance their interac-
tions with the video and each other were captured.

2.1.2  Video-elicited interaction analysis reenactment 
session

Our second source of data was an Interaction Analysis (IA) 
session involving the three authors and three other doctoral 
students. The room was arranged like the room in which the 
interviews were conducted. We recorded this session using 
a single camera (side view).

We include a video record of our IA session as a source 
of data for two reasons. First, it illustrates how we used our 
own reenactments to supplement conventional approaches 
of IA (e.g., Jordan and Henderson 1995) to analyze our data 
(the work of a quartet of STEM educators). While some 
proponents of IA have recommended choral reading of tran-
scripts with careful attention to emphasis (Erickson 2004), 
we know of no published analyses in which analysts used 
their own bodies, working with physical materials similar to 
those used by people in a target video, to explore the struc-
tural organization of multi-person co-operative activity. We 
invited our participants to reenact Rio performances with 
the expectation that this would lead to discoveries, and we 
did the same for phases of our own analysis of their work.

Our second reason for analyzing video from our IA 
session is to illustrate how we made discoveries about 
the people-plus-prop system itself. Reenactments in the 
IA session helped explain how the STEM educators cre-
ated a “cool” phrase consisting of two reflections, which 
they later could not replicate. But cycles of viewing and 
reenacting also led our IA quartet to discover and sys-
tematize what could be created with four bodies mov-
ing in coordination with the prop. In this sense, reenact-
ment was instrumental (and we think necessary) both for 

Fig. 2  Five camera positions (including the side view that produced 
this figure)
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understanding what quartets did in the video record and 
for exploring what could be done with the quartet-plus-
prop system.

2.2  Comparative and multi‑modal interaction 
analysis

Analyses of both data sources were conducted iteratively 
using IA methods focusing closely on multimodal aspects 
of gaze, gesture, and coordinated movement of bodies 
(Goodwin 2017; Hall and Stevens 2015; Kendon 1990; 
Streeck et al. 2011). Video records were first logged for 
content, with particular focus on how quartets cycled 
between viewing a performance and repeatedly reenact-
ing parts of it as an ensemble. As we developed an under-
standing of these processes of “viewing and doing,” we 
selected segments for detailed analysis. We treated co-
operative action by the people-plus-prop system as a unit 
of analysis that was capable of more than any of its mem-
bers, alone; was shaped by engaging with material and 
setting; and produced collective experiences [i.e., inter-
corporeality (Meyer et al. 2017)] that were relevant for 
disciplinary practices (in both dance and mathematics).

Since multi-body, ensemble performances were neces-
sary for the reenactments we analyze, we use transcrip-
tion sparingly, instead presenting sequences of images we 
call “toon strips” (see also Laurier 2014) to show bodies 
moving sequentially through performance phrases. In 
reducing the video data to identify and analyze patterns 
of action by the people-plus-prop system, we were pushed 
to develop other representational tools as well. One such 
tool is agent-based pseudocode as used in Sect. 3.2 to 
model the performance phrases improvised by a quartet 
in the later stages of the interview. These representations 
complement the toon strips, highlighting patterns in quar-
tets’ coordinated movements.

3  Results

In this section we analyze three episodes of ensemble activity 
that emerged from foraging and dissecting the Rio performance, 
which highlight the diversity of work produced in the interviews 
and indicate the potential of our approach. First, a quartet of 
8th grade girls reenacting two different performative elements 
of the Rio video shows how dissection can put canonical epis-
temologies on shaky ground. Next, a quartet of STEM educa-
tors illustrates how the prop itself was a key participant in the 
quartet-plus-prop system. Last, our own reenactments of a per-
formance phrase produced by the STEM educators demonstrate 
the potential of reenactment as an extension of IA methods.

3.1  Dissection and reenactment can provoke 
fundamental questions about knowing 
and interpreting mathematical figures

In this section we analyze a quartet of 8th grade girls (Ava, 
Octavia, Taylor, and Tracy), who engaged intensely in reen-
acting phrases from the Rio performance but encountered 
fundamental challenges to their mathematical understand-
ings along the way. We focus on the second stage of the 
interview (2c and then 2b) to show the differences in their 
reasoning when working as an ensemble with the prop versus 
as a collection of individuals around the prop.

3.1.1  Dissecting performances leads to discoveries 
about ensemble coordination

The girls found it challenging to reenact Rio performance 
phrases whose fluid delivery made them deceptively simple. 
Asked to flip (reflect) the square like the Rio performers, 
the girls called this “the Wave” and determined that Rio 
performers enacted two roles, “overs” and “unders”, to “flip 
the cover” (Fig. 3). But coordinating this phrase was more 
complex than expected.

Fig. 3  8th grade girls enact their final Wave performance
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After viewing the Rio video, all four girls immediately 
had ideas for how to reenact the Wave, shouting, “I know 
how to do it!” However, as soon as they picked up the prop, 
conflicting ideas surfaced and they were unable to reenact 
it. A first challenge came with role mapping. All agreed they 
needed two “unders” and two “overs”, but it took work to 
negotiate (a) the orientation of their reenactment, (b) their 
role pairings, and (c) the actions for each role.

After the group pulled the sheet taut, Tracy began moving 
towards Taylor (Fig. 4a), but both Taylor and Ava imme-
diately waved her off. Taylor explained why Tracy had to 
walk back: “no! …those two people ((gesturing to Ava and 
Octavia1)) need to sit down and we go ((lifting her corner 
and walking towards Ava))”. Taylor rejected Tracy’s move, 
which implied an orientation for the Wave and a pairing of 
roles that differed from Tracy’s idea (Fig. 4b). In her verbal 
and gestural explanation, Taylor assigned Ava and Octavia 
the role of “unders”, grouping herself and Tracy as “overs”.

Ava then interrupted Taylor to point towards Tracy and 
Octavia announcing, “no, we’re going that way”, agreeing 
with Tracy’s original orientation but changing the role pair-
ings (Fig. 4c).

Once they assigned roles, determining how to execute 
the Wave remained a challenge. The panning camera in the 
Rio recording made it difficult to follow a single quartet, so 
the girls viewed several quartets in “slow motion,” track-
ing individual performers. After several re-viewings, the 
group came to a consensus that the “unders” moved under 
the sheet and did not remain stationary. Ava explained this 
as an operation between partners—“The goal is to end up in 
your partner’s place, so like say me and Octavia are partners, 
I’m gonna end up where she is, she’s gonna end up where I 

am” (Fig. 3c). In Ava’s proposal, each “under” was paired 
with her opposite “over” (Fig. 5).

Focusing on paired roles helped, but Ava and Octavia 
each thought the other role needed to move first:

Octavia: No, you guys have to flip it over
Ava: We can’t flip it over until you go under
Octavia: Y’all have to flip it when we’re going at the 
same time, you have to be like WHOOO ((jumps up 
and sweeps right arm up and over her head))

As they talked through their expectations for the Wave, 
Octavia offered a new solution to the coordination prob-
lem—moving “at the same time”—and demonstrated an 
aesthetic element (“whooo”), showing the importance of 
movement quality (in addition to timing) when performing 
the ensemble phrase.

While reenacting the Wave, the girls dissected important 
elements of the performance in an iterative process of view-
ing and doing the phrase together. By coordinating the two 

Fig. 4  Different ideas for Wave orientations and role pairings

Fig. 5  Two groupings for coordinating the Wave

1 Transcript conventions include the following: Turns at talk are 
labeled with identified speakers. EMPHATIC utterances are shown in 
upper case. ((Activity descriptions)) appear within double parentheses 
and in italics.
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roles (“overs” and “unders”) and attending to partner rela-
tions, they managed to reflect the square over a midline by 
acting together (i.e., “overs” had to “whooo” together, and 
each “over” had to switch places with her “under” partner). 
The enacted Wave was intercorporeal—not an individual 
accomplishment, but something learned and performed as 
an ensemble.

3.1.2  Negotiating an epistemic stance on the products 
of ensemble performance

A contrasting set of challenges arose for the girls when they 
assessed their reenactment of the Triangle folding phrase 
from the Rio performance. Like other quartets in our study, 
the girls were unsure whether the triangle they produced (an 
isosceles right triangle) was the same as in the Rio video, 
since the camera angle made folded shapes look like scalene 
right triangles (see Fig. 1). Whereas in the Wave the girls 
struggled to coordinate reenactment; here, they struggled to 
make sense of the shape they made in terms familiar to them 
from school mathematics.

Assigning mathematical terms to the triangle they 
produced revealed the girls’ different ideas about the 
role of perspective in determining the nature and appro-
priate description of geometric figures. To better assess 
their work, the girls laid their triangle on the ground and 
began an extended (6.5 min) effort to determine the kind 
of triangle it was. They invoked a variety of mathematical 
concepts and terms (e.g., hypotenuse, congruent, isosce-
les, right triangle, 45°, 90°), but for them, the meanings 
depended on the perspective one took on the shape. For 
example, Tracy insisted from the start that they had folded 
a right triangle. Positioning herself at a leg of the triangle 
(position A in Fig. 6) she argued, “see if you look from 
this angle, it’s 90 degrees.” Ava followed Tracy to posi-
tion A and for a moment agreed: “That is 90.” But once 

she returned to her previous position at the hypotenuse 
(position B), she strongly disagreed, invoking an epistemic 
stance (Goodwin 2007) linked to what properly happens 
in school:

Ava: IN MATH, when you get a math problem there 
are some problems where it looks like this ((standing 
at position A in Fig. 6)), it will be like number one 
from that angle ((moving to position B)) number two 
from this angle, you’re not going to turn the math book 
and say it’s a right angle, you’re gonna say that’s an 
isosceles.

Ava appealed to a different activity (“in math”) to argue 
they should classify the triangle depending on orientation. 
When Tracy remained unconvinced, Ava repeated her argu-
ment with support from Octavia, who invoked “they” as an 
author of mathematical figures in textbooks (Rowland 1999):

Octavia: You’re not gonna look at it like that because 
when they give it to you they don’t put the 90 up here 
((points to the top of a triangle in the diagram view 
from B)) […] They don’t put the 90 up here. They DO 
NOT DO THAT in books.

In this discussion, Ava invoked an interpretive genre, 
how one reads figures “IN MATH,” and Octavia added an 
authorial “they” whose intentions are definitive and can be 
inferred from the orientations of figures in books. Through-
out this episode, two epistemic frames collided—(1) conven-
tional representations of geometric figures that “they” give 
“in math” and (2) the perspectives of viewers or enacters of 
an ensemble performance. The scale of the folded prop and 
its placement on the floor (compared to the board) disrupted 
any privileged orientation that would enable them to see it 
as a textbook figure. The girls were free to move around 
the prop and change their perspective (in fact they had to 
choose a vantage point explicitly), so no “intended” orien-
tation could be invoked. This crisis of interpretation was 

Fig. 6  Ava’s two standing 
points, and her two correspond-
ing whiteboard diagrams
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negotiated with high energy but also evident enjoyment2 by 
the group, even as Tracy rejected the necessity of adopting 
a “textbook approach” to the prop.

3.1.3  The prop plays an essential role in creating 
and sustaining a space for ensemble reasoning

In reenacting the Wave, the girls remained physically con-
nected, grasping the prop even as they debated about what 
to do with it. Though they quickly reached agreement on 
the role of “overs” and “unders” to “flip the cover”, work-
ing out the timing and aesthetic quality for these roles took 
much longer, involving multiple slow motion viewings of the 
video; pointing at the screen to specific performers within a 
chosen quartet; and reenacting newly-gleaned information 
as an ensemble. The prop created an attentional space within 
which the girls acted and reasoned as an ensemble to resolve 
difficult challenges. In contrast, in the Triangle episode, once 
the girls set the sheet down they became disconnected and 
largely worked individually, talking over one another and 
using incompatible schemes of reasoning.

3.2  Props can act as partners in generating 
ensemble mathematical performances

In this section we analyze a quartet of STEM educators (Dam-
ien, Katherine, Monica, and Tanesha) in the final stage of the 

interview, focusing on a sequence of the ensemble’s work that 
led to a surprising discovery-in-action. First, we describe pat-
terns in their improvisational work as they developed an increas-
ingly complex performance. And second, we show how this 
work set the stage for a discovery and the surprise at their own 
achievement. Our analysis illustrates how collective experiences 
with dissection can fuel collaborative improvisation to explore 
the performative potential of a people-plus-prop system.

3.2.1  Emergent structure can appear in the creative 
explorations of people-plus-props

The STEM educators first negotiated a shared goal: to create 
what Katherine called a “dancy” performance that would 
be “fancier” than a static shape. In pursuing that goal, the 
quartet improvised fluidly: each member “took the lead” in 
different phases while others responded to new ideas enthu-
siastically, building upon each other’s contributions. Moreo-
ver, the quartet became more attentive to emergent patterns 
in their movements and actions with the prop, which they 
engaged increasingly as a kind of dynamic partner. Shifts in 
the ideas they explored and in leaders enabled us to delineate 
sub-episodes that produced elements of an unfolding per-
formance. We briefly describe the focal action of each sub-
episode and notate the progressive changes in the group’s 
choreographed phrases using agent-based pseudocode to 
model the emergent structures in their improvisation.

SE1: Like a Dance Monica responded to Katherine’s 
“dancy” idea, suggesting a simultaneous up-down wave of 
the sheet, followed by a group rotation. This had a satisfying 
look and feel, but Katherine then suggested sequential wav-
ing followed by Monica’s in-unison rotation. The effect of 

Fig. 7  Enacting Katherine’s idea: each member raised their corner in sequence; then they all rotated one position to the left, together

2 Instead of responding to the underdetermined tasks in the interview 
by asking “what are we supposed to do?” or complaining that they 
“didn’t get it”, as one might do in a “school” context, the girls dove 
into the work whole-heartedly throughout the interview.
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this on the sheet was appealing, and the sequential approach 
was adopted (Fig. 7):
First, simultaneous (Monica)
ask actors [ raise-corner ]
ask actors [ lower-corner ]
ask actors [ rotate-one-position-to-left ]

Then, sequential (Katherine)
(Fig 7)
while [ n < 4]
[

ask actor n 
[raise-corner lower-corner ]

set n n + 1
]
ask actors [ rotate-one-position-to-left ]

SE2: Ins and Outs Tanesha then proposed a new move 
that she called “ins and outs.” In articulating this idea she 
created two distinct, encapsulated action units. With the 
term “in-and-out” she introduced a motion toward the 
center of the prop, creating a sag, and then back out. She 
also encapsulated the movement of the prior sub-episode 
(raising and lowering one’s corner) calling it “a this” and 
demonstrating it with her own corner (Fig. 8).
Encapsulating the prior phrase as a 
“this” and defining an “in and out”

to this
raise-corner
lower-corner

end

to in-and-out
forward-toward-center 
back-away-from-center

end

Encapsulated actions in Tanesha’s new
proposal (Fig 8)

while [n < 4]
[

ask actor n 
[ this   

in-and-out ]
set n n + 1

]
ask actors [ rotate-one-position-to-left ]

To make her proposal comprehensible, Tanesha thus cre-
ated a partial enactment of the idea to invite the quartet to take 
it up. In the people-plus-prop system, this went beyond mak-
ing a “bid for the floor,” to making a “bid to join in.” Without 
enacting an idea as an ensemble, the group could not fully 
comprehend or assess it.

Interestingly, Tanesha was in fact disappointed by the result 
when the group enacted her proposal. The prop offered a kind 
of resistance to her aesthetic idea, as its airy materiality made 
it difficult to execute the in-and-out rapidly. Nevertheless, the 
other members of the group took up the proposal and built 
upon it.

SE3: Billowing Katherine suggested a change that returned 
the group to simultaneous action. By modifying Tanesha’s 

in-and-out to be done by all actors together, a new effect 
appeared:

ask actors [ this ]
ask actors [ in-and-out ]

When they did a this in unison and then moved in toward 
the center, the prop billowed attractively. This became a new 
“thing” (or phrase), which the group executed in the “dancy” 
framework (Fig. 9):
New encapsulated action (billow)
(Fig 9)
to billow

ask actors [ this ]
ask actors [ in-and-out ]

end  

New phrase (dancy billow)

billow
ask actors [ rotate-one-position-to-left ]

Once this phrase became established, the group could then 
consider its visual effects—referring to the prop as “like a 
big balloon”; wondering, “what this would look like from the 
outside”; and recalling a similar billow when playing with a 
parachute.

SE4: Inspired by Shared Memories of a Parachute After 
Monica suggested they treat the prop like a gym class par-
achute, Katherine suggested a performance where pairs 
of participants switched places under the billowing chute. 
As the group enacted Katherine’s proposal to switch cor-
ners and places, they reached a new level of complexity 
(Fig. 10).

let pair1  actors 1, 3
ask actors [ raise-corner ]
ask pair1 [ forward-toward-center  release-corner  grab-(other)-corner

forward-away-from-center  turn-around ]
ask actors [ lower-corner ]

This new phrase not only introduced novel actions and 
patterns, it also involved coordinating action at a new 
level—pairs. As we saw with the 8th grade girls, acting in 
pairs can be challenging. Moreover, the phrase prompted 
new terms, so that humans, places, and corners could 
be described independently. The members of each pair 
switched “places” and also switched “corners.”

During these sub-episodes the quartet produced a rapid 
flow of talk and co-operative action, appearing to build 

Fig. 8  The beginning of Tanesha’s proposal. Monica did a this, then an in-and-out; then Katherine physically repeated it
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a form of “intercorporeality” (Meyer et al. 2017; Hahn 
and Jordan 2017) that allowed them to play with different 
instantiations of phrases (e.g., simultaneous, sequential, 
raises and lowers, and ins-and-outs) as they focused on 
small performative changes that produced consequential 
aesthetic outcomes. It is also important to note that as 
these ensembles developed such capacities, they expressed 
feelings of pleasure at the aesthetic qualities of multi-party 
enactment.

3.2.2  Ensemble enactment with the active participation 
of a prop can generate mathematically rich 
performances

SE5: Switch Places Not Corners After the success of the par-
achute-inspired performative phrases, Damien suggested a 

variation where the pairs would switch only places, keeping 
hold of their corners. He conveyed this idea to the group and 
his pair-partner Katherine through words and gestures. He 
claimed this would result in an operation of reflection on the 
sheet itself: “it will twist, it will fold over as it’s ballooning.”

let pair1  actors 1, 3
ask actors [ raise-corner ]
ask pair1 [ forward-toward-center 

forward-away-from-center  
turn-around ]

ask actors [ lower-corner ]

This phrase failed, as the prop refused to cooperate 
(Fig. 11). Unlike the mild aesthetic resistance the prop put up 
in sub-episode 2, here the performance stopped as the sheet 
tangled when pair1 attempted their interchange. In working 
to make sense of what had occurred, the group immediately 
expanded their repertoire of terms and references: Damien 

Fig. 9  The quartet did a this and then an in-and-out all together

Fig. 10  Katherine and Damien switched places and corners

Fig. 11  Katherine and Damien tried to switch places but not corners
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observed (expecting to be understood) that “oh, wait, we 
don’t have a go-under for that.”

SE 6: The “Cool” Performance The failed attempt at 
switching places, not corners involved only one pair at a 
time. In response, Monica made a suggestion consistent with 
the flow of ideas in the session: “We could all do it.” In 
context, this meant changing from sequential to simultane-
ous pair action. Thus, the revised phrase would be (Fig. 12).

let pair1  actors 1, 3
let pair2  actors 2, 4
ask actors [ raise-corner ]
ask pairs [ switch-places ]

Before they could enact this idea as a group, the pairs felt 
the need to articulate and clarify their coordinated motion. 
Monica and Damien took the explanatory lead, gesturally 
tracing pathways to suggest Monica’s and Katherine’s trajec-
tories “under” the sheet. Monica clarified for Tanesha: “I go 
under you,” as she gestured up and over her head, depicting 
the sheet flipping over. Tenesha completed the thought, “ok, 
and flip.” In these preparatory communications, the group 
went from talking about a single reflection to talking about 
two simultaneous reflections, where the sheet would flip as 
each diagonal pair crossed over and under each other.

Stunningly, this performance phrase worked: the prop bil-
lowed as pairs crossed beneath it, and it unfurled beautifully 
as the actors reached their new positions and pulled it taut 
(Fig. 13). They found their performance “cool” but were 
puzzled by their success (Damien said, “I’m not sure even 
what happened”) and attempted in vain to repeat the perfor-
mance. Their struggles to describe and understand what they 
had achieved as an ensemble indicate the leap in complexity 
involved in this last phrase.

In the next section, we analyze a quartet of researchers 
attempting to make sense of this “cool” performance. We 
convened this session because the footage of sub-episode 6 
baffled us as well for several months when we approached it 
with traditional IA methods. Following the logic of ensem-
ble thinking and in an effort to explore the potential of reen-
actment as a method, we assembled a group to reenact the 
STEM quartet’s performance.

3.3  Reenactment can be a method to make 
discoveries and systematize ensemble 
performances mathematically

In this section we analyze a group of learning scientists 
working together to understand what the STEM educators 
from the preceding section created. As with the interview-
ees, these researchers were organized as a quartet; they 
viewed the video recording of the STEM teachers and then 
reenacted it, building their own performance repertoire 
together. Our analysis supports several provisional findings 
about how reenactment fosters ensemble mathematical activ-
ity and learning, as well as how reenactment can be used as 
a method alongside other IA tools.

We were initially drawn to this episode both mathemati-
cally and aesthetically (Vogelstein et  al. 2017). On re-
watching the STEM educators’ exploration we noticed they 
described a performance of two simultaneous reflections. 
From the top view, they transformed the prop through a 180° 
rotation: it ballooned up, spun around, and was drawn back 
down into a square (bottom row of Fig. 13). The side camera 
gives a contrasting perspective on the performance, clearly 
showing each diagonal pair crossing each other and “switch-
ing places not corners” (top row of Fig. 13). This diagonal 
double-reflection pattern cannot be seen from above.

Mathematically, a theorem of transformational geometry 
says the composition of two reflections produces a rota-
tion; and the two diagonal reflections executed by each pair 
“switching places not corners” should indeed rotate the prop 
180°. However, as the last section revealed, the large and 
billowy form of the prop can complicate operations on it, 
particularly reflections across diagonals. Achieving two of 
these reflections simultaneously was thus a feat with both 
theatrical and mathematical interest. We were taken with 
this beautiful and novel (at least to us) way of enacting a 
mathematical theorem, and we were also curious why the 
quartet was unable to replicate their initial success.

Despite being drawn to this performance, we did not 
immediately try to reenact it. We discussed the episode as a 
problematic artifact for several months prior to the IA ses-
sion described here, and even presented it as a puzzle at a 
conference, garnering suggestions for how to represent the 
performance, none of which involved reenactment. Thus it 
was not our initial instinct to turn to reenactment; yet this 

Fig. 12  The “cool” performance as described by the pseudocode in 
SE 6
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move turned out to be pivotal in our understanding both of 
this particular episode and of the broader potential of this 
design space.

We first describe what the IA quartet discovered about the 
STEM teachers’ performance of the “cool” phrase. We next 
describe discoveries of technique, and how these led the IA 
quartet to “systematize” how a double reflection might be 
accomplished.

3.3.1  Reenactment drives discoveries

The IA participants’ initial understanding of the STEM 
educators’ performance influenced how they structured 
the reenactment session. First, they organized the space by 
assigning their bodies to the bodies of the STEM teachers 
in a manner that facilitated coordination (e.g., Vogelstein, 
wearing red, took the role of Monica, who was wearing red 
in the video, and moved to the position Monica occupied 
in the side-view video the IA session used). After viewing 
the “cool” phrase video, the IA quartet began a series of 

explorations of possible enactments: a single reflection, then 
two consecutive single reflections, and finally two simul-
taneous reflections. Thus, when they returned to the video 
record of the STEM educators, they had a better understand-
ing of how pathway crossings in the video compared to their 
own successful and unsuccessful ensemble enactments. By 
the end of this phase of work, the IA participants felt they 
had a “good enough” explanation of what STEM educa-
tors had done—a double reflection of the sheet, but with 
“mistakes” and “corrections” that the educators had never 
noticed, leading to their failure to replicate their own “cool” 
phrase. This explanation was discovered as the IA quartet 
made and noticed their own mistakes and corrected them 
during reenactments.

During this exploration, the IA quartet would slow down 
or “freeze” a reenactment in order to examine the state of 
the sheet and their own “paths” as they attempted two simul-
taneous reflections. As shown in the left image of Fig. 14, 
corners/participants in the IA quartet planned their paths 
carefully, using talk and gesture to describe and select from 

Fig. 13  Side view and top view of the STEM educators’ “cool” performance

Fig. 14  The IA quartet reflected the sheet to explore what STEM teachers might have done. On the left, they paid close attention to twists at their 
corners; on the right, they used “slo mo” and “freeze” to focus on their trajectories



343Reenacting mathematical concepts found in large-scale dance performance can provide both…

1 3

among the alternative ways of passing “under” the billowing 
sheet and “around” other moving corners/persons. As shown 
in the right image, they also did this by slowing down dur-
ing enactments (e.g., pausing while holding the sheet above 
their heads). They noticed that some paths created “twists”, 
visible in the prop and felt when their thumbs holding each 
corner went from “up” to “down” (Fig. 14). The IA quartet 
repeated their enactments multiple times while searching 
for paths in which diagonal pairs walked past each other to 
“switch places, not corners,” as done by the STEM educa-
tors. Their ensemble reenactments were supported by defin-
ing and repeating operations on the sheet until they produced 
an explanation-in-action of the STEM educators’ work they 
found satisfactory.

3.3.2  Discoveries can be systematized using reenactment

The IA participants’ ensemble reenactments were a method, 
driving multiple levels of analysis and supplementing more 
corporeally passive forms of IA (e.g., sitting, watching film, 
and discussing what individuals notice in the data). The IA 
quartet discovered together how facets of interaction with 
the sheet contributed to make the “cool” phrase possible 
(e.g., “billowing” the sheet above enables people/corners to 
cross “under” a line of symmetry or go “around” one another 
during a reflection). Then, as they encountered trouble or 
nuances (e.g., twists in the sheet as thumbs moved from “up” 
to “down”), they began to ask questions about the quartet-
plus-prop as an expressive system—what could be made 
with this system? Their discoveries served both to explain 
troubles encountered by the STEM teachers and to support 
their own conceptualization of the system as a system that 
could produce a range of phenomena, including ensemble 
performance of a continuous double reflection that avoided 
“twists” or shifts in grip (up/down).

As the session proceeded, the group’s explanations 
tended toward finding a formal description of the quartet-
plus-prop system. In contrast to an approach to transforma-
tional geometry in which one maps vertices of a polygon 
and “knows” the body of the figure will follow obediently, 
ensemble performance made it clear that the figure as a 
whole, and hence also the corners held by the members of 
the quartet, needed to be considered along with their orien-
tation. A form of emergent mathematization thus appeared 
as the group explored the range of phenomena that the prop 
could produce: a system made up of phrases enacted with 
their moving bodies that included the double-reflection as 
one phenomenon among many.

Figure 15 shows a sequence of movements from a reen-
actment late in the IA session, as the quartet refined and 
stabilized a double reflection phrase that avoided the trouble 
that the STEM educators encountered (and repaired, without 
evident awareness). Much as we found with reenactments 
attempted by interviewees, stabilizing the performance 
phrase shown in Fig. 15 required a variety of inventions: 
changing the pace of action to make phenomena visible 
(e.g., “slo mo” enactments to understand the source of 
“twists”); attuning to other members’ actions (e.g., as soon 
as one member began to raise a corner the rest of the quartet 
followed suit and immediately began the next reenactment); 
inventing and using new terms to refer to emergent units 
of ensemble activity (e.g., a “trivial solution” designated a 
rotation in which nobody crossed any one in the ensemble 
performance); and using gesture at various scales to describe 
what just happened or propose new actions for the ensemble 
(e.g., pointing along trajectories to be traversed).

What distinguishes the IA quartet, by comparison with 
the students and STEM educators, is the extent to which they 
sought a systematic, exhaustive description of what could be 
done with the quartet-plus-prop, by generating and comparing 
multiple courses of reenactment. They did this by noticing, 

Fig. 15  Using reenactment to find and stabilize double reflections that did not produce “twists”. This performance produced one of four alterna-
tives the quartet explored while systematizing a double reflection phrase producing a 180° rotation of the sheet
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naming, and executing phrases that deployed their bodies in 
slightly different ways (e.g., using different paths to go “under” 
or “around” the sheet and each other). Of the three quartets in 
this article, this group came closest to understanding their own 
bodies in the quartet-plus-prop as a mathematizable system 
of objects and operations (transformations). Of course, this is 
only one mode of understanding the quartet-plus-prop system, 
and we take up differences across quartets in the Discussion.

4  Discussion

4.1  Foraging and dissection as a design practice

This paper illustrates an approach to learning environment 
design, in which we forage among rich cultural performances 
to devise systems of people-plus-props that can foster ensem-
ble mathematical learning. We then engage groups of par-
ticipants in an interview protocol that invites them to dissect 
these cultural performances, both by reenacting aspects of 
them and by exploring the expressive potential of the people-
plus-prop system. In these interviews, we have seen how dis-
section can lead to a hybrid activity, in which neither dance 
nor mathematics leads, but something new is enacted that 
features elements of both. We have noted the exuberance 
with which ensembles took up this performance space (Ma 
and Munter 2014) in their playful and creative re-use of the 
recordings and prop. Whether in reenactment or open cho-
reographic exploration, the challenge of executing ensemble 
performances involved complex interactions in which par-
ticipants utilized talk and action to codify coordinated move-
ments and to respond to material affordances and constraints 
of the prop.

Considering the 8th grade girls, we see that familiar 
practices of viewing and doing were disrupted in this 
hybrid space, forcing the ensemble to invent new practices. 
Fundamentally, the girls negotiated shared approaches to 
parsing the Rio performance in order to reenact it. Their 
sense that they had “got it,” after an initial viewing of the 
Wave quickly evaporated when they were challenged to 
enact the phrase. This led them to discover new units for 
action (e.g., role pairs they called “overs” and “unders,” 
interaction partners across roles, and the aesthetic and pro-
cedural unit of their “whoo”) in ensemble performances 
that engaged and produced familiar mathematical objects 
in new ways. In the Triangle challenge, their attempt to 
assess what they produced as an ensemble provoked an 
epistemic clash over the appropriate terms to import from 
school mathematics.

The STEM educators’ work showed how dissection 
activities can support creative re-use of the people-and-
prop system in a relatively short timeframe. Our analy-
sis traced the quartet as they developed a performance 

repertoire (e.g., their in-and-out move, the “dancy” frame-
work, and alternating use of sequential and simultaneous 
phrases) and built an intercorporeal sense of “we” acting 
in relation to the prop. Their performance phrases illus-
trate an important aspect of the hybrid space: the knowl-
edge that can be built there is neither the “mathematics” 
of mathematicians (or schools) nor the “dance” of dancers. 
Their ensemble performance created new mathematical 
entities and relations that were aesthetically pleasing (e.g., 
a “cool” phrase in which the sheet becomes a “balloon” to 
enable reflections) but difficult to stabilize or explain. The 
STEM educators’ final phrase exceeded their own capac-
ity to describe or reproduce it, but we see its genealogy in 
emergent patterns of their collective improvisation.

Themes from both of these groups were underscored and 
carried forward in the IA session. Faced with the challenge 
of understanding the STEM educators’ actions, we encoun-
tered an epistemic barrier reminiscent of the 8th grade girls, 
as we initially used traditional methods of video-based IA. 
However, by entering the hybrid space ourselves, we expe-
rienced the power of reenactment and were finally able to 
gain analytic purchase on the “cool” performance. Like the 
STEM educators, we began to develop terms and techniques 
to support ensemble action (e.g., use of “slo mo” enact-
ment to analyze and identify alternative ways to flip). We, 
too produced knowledge-in-use (Hall and Stevens 2015) 
shaped by mixing cultural practices—our emergent descrip-
tion of the people-plus-prop dance performance as a system 
involved conceptions that fell outside of the mathematics 
of transformational (2D) geometry and symmetry groups. 
Formally describing this system required enactment and 
language that went beyond existing concepts or techniques 
we could import from either mathematics or dance.

4.2  Ensemble learning in mathematical activity

Analyzing the multi-modal interactions of quartets as they 
reenacted or created performance phrases using the prop 
provided insights into a form of ensemble learning, which 
by design blended aspects of dance and mathematics. While 
most would agree that dance involves ensemble learning 
(i.e., dancers must perform together to learn performances), 
the necessity of multi-body interaction is less clearly estab-
lished for mathematics learning.

Considering the patterns explored by quartets in this 
study as hybrid forms of ensemble activity composed of 
mathematics and dance, we identify new and potentially 
generative mappings between performative structures and 
mathematical structures. Interpreted mathematically, per-
formance phrases that return the prop to its initial visual 
position evoke elements of familiar symmetry groups of 
polygons. Specifically, they correspond to members of  D4, 
the dihedral group of symmetries of the square.
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From a mathematical perspective, the subgroup struc-
ture of  D4 is rich and important, including two subgroups 
of order 4 (isomorphic to Klien-4) that are generated by 
reflections over the diagonals and the horizontal-vertical 
midlines, respectively. Key properties of these reflections 
are expressed in secondary mathematics teaching through 
the concept that “two reflections produce a rotation” (here 
a 180° rotation). Aesthetically, these transformations were 
enacted in the performances of many of the quartets. For 
example, the STEM educators organized their “Cool” phrase 
by coordinating two diagonal reflections, formed when two 
pairs exchanged places; while the 8th grade girls achieved 
the “Wave” with a reflection over a midline of the prop, also 
produced as two pairs exchanged places.

From an ensemble performance perspective, a focus on 
orchestrating pairs’ movements provided logistical supports 
for quartets to build up and coordinate complex actions. It 
offered an interpersonal structure—exchanging places with a 
partner—within the quartet that made building ensemble per-
formance more tractable. This was particularly visible in the 
work of the 8th grade girls described above in their “Wave.” 
They identified “over” and “under” roles and assigned part-
ners across roles. When these partners exchanged places, the 
quartet reflected the square prop over a midline.

While beyond the scope of this paper, these exchanges 
of partner positions can be described from the perspective 
of academic mathematics as transpositions. Just as partner 
exchanges were basic phrase units for the quartets’ explora-
tions in our interviews, transpositions are basic units for ana-
lyzing the structure of mathematical groups (Lederman 1957). 
We believe this will be a fertile design space for continuing 
studies of ensemble learning and teaching of mathematics.

The promise of ensemble learning remains as an open 
question. In a creative re-use of the Rio recordings, we 
designed a hybrid activity in which people had to work 
together to make (enact or reenact) the dynamic shapes vis-
ible in the Rio performance record. Without co-operative 
action in ensemble performance, there would be no dynamic 
shapes—if four members of the quartet did not pull the edges 
of the prop taut, it was not possible to make or transform 
a square or a triangle. Similarly, without coordinating the 
motion of all members of the quartet, a line of symmetry or 
reflection could not be realized. This is a basic material affor-
dance for ensemble mathematical learning using the quartet-
plus-prop in this environment. In addition, the paths and ori-
entations of vertices under simple geometric transformations 
became highly consequential, a facet usually backgrounded 
in paper-scale mathematics. The prop’s material push-back 
(e.g., tangles in the sheet) also led to important mathematical 
discoveries for both the STEM educators and IA quartets. If 
the object of analysis in our clinical interview (the Rio per-
formance) was a case of ensemble learning in dance, then so 
too was what our quartets did together during reenactment 

or creative enactment. And if the objects and relations of 
mathematical practice had to be produced by people mov-
ing together in the interview, what they learned how to do 
together was also a form of ensemble mathematics.

4.3  Reenactment as a method in interaction 
analysis (IA)

There is a further, methodological contribution to consider 
in the case of the IA quartet. Without fully realizing it, we 
too were drawn to the necessities of ensemble learning. 
Early on, we struggled to make progress with conventional 
approaches to IA, which tend to be relatively passive (e.g., 
analyzing a video record while seated). If they focus on 
bodies at all, they do so from a perspective “outside” the 
recorded activity (Hall and Stevens 2015). Working with 
the physical prop to design the clinical interview protocol, 
we made discoveries about what was possible, including 
what Rio performers managed to do beautifully. But we 
only later realized that our analysis of ensemble learning 
in mathematical activity might also benefit from ensemble 
activity. By reenacting what we thought we saw in the video 
record, we were able to generate new insights both about 
what quartets actually did (these details might be available 
to passive viewing, but we struggled to find them) and what 
could be done with the quartet-plus-prop system. This sug-
gests that reenactment as a form of ensemble learning can 
also be used effectively as a supplemental method in IA. 
If participant observation (one aspect of ethnography) sup-
ports deeper understanding in IA (Goodwin 2017; Hall and 
Stevens 2015), then reenactment as a set up for ensemble 
learning might also augment more traditional methods of IA. 
We offer methods of reenactment in IA as another contribu-
tion of this article, which we believe can be quite powerful.
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