
Exploring Difficulty Factors 
To develop a criterion-referenced 
assessment and developmental 
trajectory of Functional Thinking; a 
type of algebraic reasoning 
appropriate for elementary 
students. 	


Nearly all math educators agree that algebra is essential 
for success in our society. Despite this, algebra 
performance among our nation’s students is substandard. 
The National Council of Teachers of Mathematics 
encourage teaching algebra as a continuous strand from 
K-12. Functional Thinking is a component of algebraic 
reasoning which deals with relations between two sets of 
numbers. Cultivating this reasoning is a fruitful way to 
develop algebraic reasoning because it transitions the 
focus from particular instances to sets of allowable 
values. This is a move toward generalization, which is 
necessary for an understanding of algebra. These skills 
are tested on state assessments and on the NAEP; 
however, no focused assessments exist. 	

Our project is to develop an assessment of Functional 
Thinking for the elementary school years. A good 
measure will not only clarify the developmental path of 
functional and algebraic reasoning, it can be used to later 
test the efficacy of instructional interventions. 	

We have developed an initial framework for assessing 
and interpreting students’ level of understanding of 
Functional Thinking. Within this framework we explore 
and map which specific aspects of functions are easy and 
which are difficult for students. This framework will be 
used to develop an assessment, which will be 
administered to several 2nd through 6th grade classrooms. 
Both the developmental framework and assessment will 
be iteratively refined using Classical Test Theory and 
Item Response Modeling. The final product will be a 
criterion-referenced and developmentally leveled 
assessment of Functional Thinking.	


Students learn better with text and diagrams than 
with text alone (e.g., Ainsworth et al., 2003; Clark 
& Mayer, 2003). Students develop a deeper 
understanding of material if they generate 
explanations to themselves while learning (Chi, 
2000). 

Mayer’s Multimedia Principle (Clark & Mayer, 
2003) Participants learn more about lightning, 
bicycle pumps and disc brakes when text and 
diagrams are combined than when text is present 
in isolation. 
Ainsworth et al. (2003) Participants learn more 
and generate a greater number of self-
explanations when a human circulatory system 
tutorial contains diagrams.  
Aleven & Koedinger (2002) Self-explanations 
are particularly beneficial if they help integrate 
visual and verbal knowledge. 

As the advantages of diagrams have been shown 
for physical systems, will diagrams provide a similar 
advantage for Chemistry learning? 

Uncontrolled classroom studies suggest that 
providing molecular level diagrams during instruction 
may improve Chemistry learning (see Kozma & 
Russell, 2005).  

What elements affect the difficulty of 
function table problems?	


• Indexicality of X values	

• Lack of Story Context	


Subjects saw one of three parallel versions 	

of function table items	


The revised assessment was administered to 250 
2nd through 6th grade students in a suburban 
public school district serving predominantly 
Caucasian middle class families. 	


Data analysis is currently in progress. 	


The performance data will be analyzed using 	

• Classical Test Theory	

• Item Response Theory	


These analyses will be used to refine the 
assessment and to evaluate our developmental 
trajectory. 	


Data Collection & Analysis 
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To develop a criterion-referenced 
assessment and developmental 
trajectory of Functional Thinking; a 
type of algebraic reasoning appropriate 
for elementary students. 	


    We have developed an initial framework for 
assessing  and  interpreting  students’ level  of 
understanding of Functional Thinking. Within 
this  framework  we  explore  and  map  which 
specific  aspects  of  functions  are  easy  and 
which  are  difficult  for  students.  This 
framework  was  used  to  develop  an 
assessment,  which  was  administered  to 
several  2nd  through  6th  grade  classrooms 
(N=250). Both the developmental framework 
and  assessment  will  be  iteratively  refined 
using  Classical  Test  Theory  and  Item 
Response Modeling. The final product will be 
a  criterion-referenced  and  developmentally 
leveled  assessment  of  Functional  Thinking. 
This will  not only clarify the developmental 
path of functional and algebraic reasoning, it 
can  be  used  to  later  test  the  efficacy  of 
instructional interventions. 	


•  Functional Thinking is a component of algebraic 
reasoning which deals with relations between two sets 
of numbers. 	

•  Cultivating this reasoning is a fruitful way to develop 
algebraic reasoning because it transitions the focus from 
particular instances to sets of allowable values. 	


•  In particular, we focus on the ability to use and 
identify a rule that defines the linear relationship 
between two sets of data presented in a table. 	
   Y = 
X + 4	


Proposed Developmental Levels 	

1	
   Recursive Thinking	

2	
   Emergent Functional Thinking	

3	
   Rule Recognition	

4	
   Verbal Rule Generation	

5	
   Symbolic Rule Generation	


Level Two 

References 

Level Four 

Level Five 

X	
 2	
 3	
 4	
 5	
 6	
 14	
 41	


Y	
 6	
 7	
 8	
 9	
 36	


Recursive Thinking 	
 	
 	
72% correct	

Extend numerical patterns to next instance based on previous 
instance, not x-y relationship. Can also apply function rule.	


	
 	
X: 	
2 	
3 	
4 	
5 	
6	

	
 	
Y: 	
6 	
7 	
8 	
9 	
10	


Emerging Functional Thinking	
58% correct	

Extend numerical pattern to far instances.  Can think about relation 
between x and y for a particular instance.	


X: 	
2 	
3 	
4 	
5 	
6 	
14	

Y: 	
6 	
7 	
8 	
9 	
10 	
18	


Rule Recognition 	
 	
 	
 	
49% correct	

Recognize function rule represented in a function table (for any input 
to any output)	

Which equation represents the data in the table? 	


	
A. B = A + 2 	

	
B. B = A + 4 	

	
C. B = 2 x A	

	
D. B = 2 x A + 1 	


Verbal Rule Generation 	
 	
 	
51% correct	

Generalize pattern in function table by generating function rule in 
words.	


What is a rule for figuring out what number belongs in column B?	

	
“You add four to the A number to get the B number”	


Symbolic Rule Generation 	
 	
43% correct	

Express the function rule in an equation	

Performance on level 4 & 5 was higher than expected due to 
scaffolding during item piloting and only asking older children.	


Write this rule as a number sentence, using “A” to stand for any number in 
column A and “B” to stand for any number in column B.	


	
B = A + 4	


A	
 B	

2	
 6	

3	
 7	

4	
 8	


Preliminary results support this developmental 
framework. (N= 23, students in grades 2-4)	


Level Three 
Contact 

Acknowledgments 

A	
 2	
 3	
 4	
 5	
 6	
 14	
 41	

B	
 6	
 9	
 12	
 15	
 36	


A	
 2	
 4	
 5	
 7	
 8	
 14	
 41	

B	
 6	
 12	
 15	
 21	
 36	


Cost of Present (A)	
 2	
 3	
 4	
 5	
 6	
 14	
 41	

Cost of Present with 	

Gift-Wrapping (B)	


6	
 9	
 12	
 15	
 36	


•  X values increase non-sequentially	

Encourages a functional approach, as recursive 
strategy cannot be applied 	

(Warren & Cooper, 2005)	


What is a rule for figuring out what number belongs in column B?	


Write this rule as a number sentence, using “A” to stand for any number in 
column A and “B” to stand for any number in column B.	


Indexical Function Tables 

Non-Indexical Function Tables 

Story Context Function Tables 

• X values increase sequentially by one	

This format is conducive to a recursive strategy 
(Carraher, Martinez, & Schliemann, 2008)	


What is a rule for figuring out what number belongs in column B?	


Write this rule as a number sentence, using “A” to stand for any number in 
column A and “B” to stand for any number in column B.	


• Indexical X values, but with a story context	

Helps understand the functional relation more 
intuitively, grounds the functional relationship 
(Schliemann, Carraher, & Brizuela, 2003)	


At a gift shop, you can pay extra to have your present gift-wrapped, as 
shown in the table below. What is the total cost of the present with gift-
wrapping if the cost of the present is $6? $14? What about $41? If the total 
cost of a present with gift-wrapping is $36, what was the cost of the present 
itself?	


What is a rule for figuring out the total cost of the present with gift- 
wrapping?	


 Write this rule as a number sentence, using “A” to stand for the cost of any 
present and “B” to stand for the total cost of a present with gift wrapping.	



